Introduction
In plastically deforming crystals, the accumulation, interaction, and motion of large numbers of dislocations give rise to complex spatiotemporal dynamics, which may lead to organized dislocation structures including, for example, walls, cells, subgrains, and persistent slip bands. The characteristic length scales that are associated with the dislocation patterns lead to the now well-appreciated size dependence of plastic response at the micron scale.
Conventional plasticity theories predict a size independent response. A variety of non-local plasticity theories (mainly strain gradient constitutive formulations) have been proposed to account for the observed size dependence of micro-scale plastic flow in crystalline solids, e.g. [1] [2] [3] [4] [5] [6] . The physical motivation for these typically stems from accounting, in a phenomenological relation, for the effects of geometrically necessary dislocations [7, 8] . Irrespective of the precise formulation, one or more material length scales (typically taken to be constant) are introduced that either need to be extracted from experimental measurements or deduced from meso-scale simulations. Another approach, e.g. [9, 10] , is to characterize the dislocation dynamics in terms of the statistics of the dislocation distribution. Such a formulation naturally contains length scales through a coupled set of transport equations for dislocation density fields. A closure condition is needed in such statistical theories to truncate the number of dislocation densities; for example, in theories involving two dislocation densities one is the total dislocation density and the other is a netBurgers vector density [6] .
Discrete dislocation simulations of plastic flow can be used in a variety of ways to assist the development of such more coarse-grained theories of plastic flow of crystalline solids in small volumes, for example: (i) to identify plastic deformation mechanisms, such as a size-dependent hysteresis effects, that are not incorporated in current phenomenological theories; (ii) to discriminate between competing theories; (iii) to identify parameters and boundary conditions for various phenomenological frameworks; and (iv) to provide a basis for choosing a closure condition in a statistical theory.
At small scales, statistical effects play an important role in the behavior predicted by discrete dislocation simulations: (i) the finite number of possible dislocation sources mean that even if the stress and deformation state are such that plastic flow could occur, no dislocation source may be available to provide the needed dislocations; (ii) because of the limited number of dislocations present, the overall behavior can depend on the location of dislocation sources and/or obstacles to dislocation glide; and (iii) dislocation dynamics is inherently chaotic in the sense that the evolution of the dislocation structures is sensitive to unavoidable (and uncontrollable) small perturbations.
Here, we provide examples illustrating these effects using plane strain two-dimensional discrete dislocation plasticity and discuss their implications for coarse-grained modeling plastic flow in crystalline solids. We note that there are aspects of dislocation plasticity that cannot be modeled within the two-dimensional framework used in the analyses discussed here. For example, the scaling of the flow strength with the square root of the dislocation density in stage II hardening is not found with the current framework, but requires additional constitutive rules that incorporate appropriate planar representations of three-dimensional physical processes [11] . Three-dimensional discrete dislocation analyses can be carried out but due to the large computational demands what can be calculated is still quite limited, e.g. [12] [13] [14] [15] [16] [17] . Furthermore, in some circumstances, the three-dimensional effects neglected in two-dimensional discrete dislocation plasticity play a secondary role and rather complex phenomena can be represented qualitatively and, to a remarkable extent, even quantitatively [18, 19] . This agreement suggests that qualitative features concerning the statistical aspects of discrete dislocation plasticity seen in two-dimensional calculations may also hold in three dimensions.
Discrete dislocation formulation
We confine attention to a two-dimensional small strain discrete dislocation plasticity formulation with elastic isotropy. Plane strain conditions are assumed. Plastic deformation, when it occurs, is described by the nucleation and glide of discrete edge dislocations, represented as line singularities in an elastic medium, with Burgers vector b. Once dislocations nucleate, field quantities are computed using superposition. The singular (~) field associated with the N dislocations is calculated analytically from the infinite medium fields of the dislocations. The complete solution is obtained by adding an image (^) field that ensures that the boundary conditions are satisfied [20] .
At the beginning of a calculation, the crystals are stressand dislocation-free. New dislocation pairs are generated by simulating two-dimensional Frank-Read sources, randomly distributed on discrete slip planes, which generate a dislocation dipole when the magnitude of the PeachKoehler force f (I) on source I exceeds a critical value s nuc b during a time period t nuc . Each source is randomly assigned a nucleation strength, s nuc , from a Gaussian distribution with average s nuc and standard deviation Ds nuc . The sign of the dipole is determined by the sign of the resolved shear stress along the slip plane while the distance between the two dislocations at nucleation, L nuc , is taken such that the attractive stress field that the dislocations exert on each other is equilibrated by a shear stress of magnitude s nuc . Annihilation of two opposite signed dislocations on a slip plane occurs when they are within a material-dependent critical annihilation distance L e . The magnitude of the glide velocity V ðIÞ gln along the slip direction of dislocation I is taken to be linearly related to the Peach-Koehler force f (I) through the drag relation V ðIÞ gln ¼ f ðIÞ =B, where B is the drag coefficient. Obstacles to dislocation motion are modeled as points associated with a slip plane, which pin dislocations as they try to pass until the Peach-Koehler force on the obstacle exceeds s obs b.
Examples of statistical effects in plasticity
The following reference parameters are used in all the examples presented here: YoungÕs modulus E = 70 GPa and PoissonÕs ratio m = 0.33; b = 0.25 nm; s nuc ¼ 50 MPa; Ds nuc = 10 MPa (except in the calculations of Section 2.2 where Ds nuc = 1.0 MPa); t nuc = 10 ns; L e = 6b; B = 10
À4
Pa s; and s obs = 150 MPa.
Source limited plasticity
All current continuum plasticity models assume that plasticity can occur at any point where the flow criterion is met. However, a necessary criterion for plasticity is that sufficient slip can be produced by the available dislocations. This in turn requires the presence of one or more dislocation sources close to the location where the flow criterion is met-this is not always the case. Here we give an example of source limited plasticity from discrete dislocation simulations of frictional sliding reported in [21] .
The boundary value problem sketched in Fig. 1a represents the frictional sliding of a single crystal (three slip systems at / = ±60°and 0°) with respect to a rigid indenter of size a. The adhesive interaction between the crystal and indenter is modeled via the bi-linear shear traction T t versus shear displacement D t law (inset of Fig. 1a ) with a maximum cohesive strength s max = 300 MPa. The variation of the friction stress s fr (ratio of the frictional force to the contact area) is plotted in Fig. 1b as a function of the indenter size a for two choices of the source density q src = 72 lm À2 and 155 lm À2 . For large contacts (a P 10 lm), s fr is approximately equal to the uniaxial tensile strength of the single crystals while s fr = s max for small contacts. No dislocations are present in the crystal at small contact sizes even though s fr = s max ) s nuc . This is source limited behavior: in these small contacts no source is available in the high stress regions to nucleate dislocations. Of course, increasing the source density shifts this behavior with source limited behavior observed for a 6 0.5 lm and 0.2 lm for q src = 72 lm À2 and 155 lm À2 , respectively. Another type of source limited response is seen in the thin film simulations of Nicola et al. [22, 23] . In this case, sources are available, but the dislocation structure that evolves gives rise to a back stress, which may become so large that it inhibits nucleation and an increased stress is required for nucleation. This back-stress-induced source limitation leads to enhanced size dependence in thin films and, in sufficiently small volumes, the effect on plastic flow is sensitive to the precise location of the dislocation sources.
Volume effects
Different realizations of initial distributions of dislocation sources and obstacles can have a significant effect on the plastic response of crystals, especially when the plastically deforming volume is small. We illustrated this effect via uniaxial tension calculations on single crystals with length to width ratios L/W = 3 and one active slip system at / = 45° (Fig. 2a) , see [24] for further details. The flow strength r f of the crystals (defined as the average stress between 4% and 5% nominal strain, 2U/L) is plotted in Fig. 2b as a function of the specimen size W for crystals with initial source and obstacle densities equal to 56 lm À2 . In an attempt to quantify the statistical variations, the calculations for each specimen size were performed for three spatial distributions of the sources and obstacles (all with the same overall source and obstacle densities). While the general trend that the flow strength decreases with specimen size remains unaffected, we observe that for large specimen sizes (W = 4.0 lm and 8.0 lm), r f values are nearly identical for the three realizations as there are approximately 10 4 dislocations in these specimens. On the other hand, there is about a 10% variation in r f for the W < 0.4 lm specimens. In these specimens, two to ten dislocations are typically present at any stage of the deformation; the total number of dislocations nucleated scales approximately with the applied strain but the majority of dislocations have exited through the specimen sides. Thus, for a sufficiently small specimen, r f (a) (b) is mainly governed by the nucleation stress s nuc and the variation in r f is due the variations in the minimum nucleation strengths in the different realizations. Variations in the values of r f are greatest for the intermediate size specimens with r f showing a 25% variation between the three realizations for the W = 0.75 lm specimen. The strength of these specimens is governed by the structures formed by a relatively small number of dislocations and thus is sensitive to statistical variations.
Sensitivity to small perturbations
Hamiltonian systems involving nonlinear many-body interactions are known to exhibit chaotic behavior: for example, gravitationally interacting point masses, molecular dynamics, and vortex dynamics. Dissipative systems such as those characterized by the Lorenz equations can also exhibit chaotic behavior (or extreme sensitivity to small perturbations) and such effects have been observed in dislocation dynamics simulations [25] . The effect of the sensitivity of the discrete dislocation predictions to small initial perturbations in the source positions is illustrated in Fig. 3 . The overall tensile stress versus strain response of a crystal (W = 4.0 lm) with two slip systems at / = ±30°is shown in Fig. 3a for two cases: (i) a reference case and (ii) a case with the location of the nucleation sites perturbed by at most 10 À3 b. The difference in the overall macroscopic response in this case is negligible even though the separation of the trajectories in the two simulations (measured by evaluating a norm kdk based on the positions of dislocations) grew exponentially with time, see [25] for details. This can be contrasted with the crack growth resistance of the crystal, which depends on local conditions. In Fig. 3b , the crack growth resistance of a crystal is shown by plotting the normalized applied remote mode I stress intensity factor K I /K 0 against the crack advance Da (see [26] for details). The crack growth resistance varies significantly with perturbations of 10 À3 b in the positions of the nucleation sites. Thus, while the sensitivity of the discrete dislocation calculations to extremely small variations in initial conditions did not appreciably influence the overall tensile stress versus strain response, it did affect the crack growth resistance: the conditions for crack growth are determined at a very small length scale and are much more sensitive to local variations.
Implications for modeling of crystal plasticity
Both discrete dislocation simulations and experiments (see e.g. [27] ) indicate that statistical effects can have a significant effect on plasticity in small volumes. However, discrete dislocation plasticity is computationally intensive, even in two dimensions. Therefore, phenomenological plasticity constitutive relations and statistical theories of collective dislocation behavior have a potentially important role to play, particularly when statistical effects are involved and calculations need to be carried out for a variety of realizations. Schemes that average the response over many realizations (conditional upon limited information on the sources, obstacles, etc.) could be developed, e.g. following recent ideas of Luciano and Willis [28] , making the numerical prediction of statistical variations much more efficient.
Current phenomenological plasticity constitutive relations, including those that aim to model size-dependent plastic flow, are deterministic. Non-deterministic behavior can be obtained, e.g. [29, 30] , in the context of a structural instability. Discrete dislocation plasticity indicates that statistical effects, arising for a variety of reasons as discussed in Section 2, can be significant even in the absence of a structural instability. These statistical effects can be important in a variety of circumstances of much technological relevance, e.g. the growth of small fatigue cracks involves small plastic zone sizes where the statistical effects come into play. The current non-local plasticity theories focus on the size dependence arising from geometrically necessary dislocations and do not model features of plastic flow in small volumes, such as source limited plasticity, which give rise to the statistical dependence. Statistical theories seem promising in being able to directly account for these effects. However, most current statistical theories use only two-point statistics and it remains to be seen whether they are sufficient to capture the effects revealed by discrete dislocation plasticity. Comparisons between discrete dislocation plasticity predictions and solutions from these statistical theories may be useful in identifying appropriate closure conditions.
Discrete dislocation calculations predict extreme sensitivity to small perturbations. While this has a negligible effect on the material behavior averaged over relatively large volumes (uniaxial tension), it may have a significant effect on behavior, such as crack initiation and growth, that depends on local fields. Understanding this sensitivity is key for differentiating between controllable experimental scatter and the inherent variability of material responses. Phenomenological reaction-diffusion representations of plastic flow [29, 30] can exhibit chaotic behavior in certain circumstances due to the competition between dislocation nucleation and annihilation. Such effects have not yet been investigated using the more recently developed statistical models: the implications of these models for this type of behavior merit exploration.
